In this paper we continue the development of quantum holonomy theory, which is a candidate for a fundamental theory based on gauge fields and non-commutative geometry. The theory is build around the QHD(M ) algebra, which is generated by parallel transports along flows of vector fields and translation operators on an underlying configuration space of connections, and involves a semi-final spectral triple with an infinite-dimensional Bott-Dirac operator. Previously we have proven that the square of the Bott-Dirac operator gives the free Hamilton operator of a Yang-Mills theory coupled to a fermionic sector in a flat and local limit. In this paper we show that the Hilbert space representation, that forms the backbone in this construction, can be extended to include many-particle states. 
Introduction
In this paper we continue the development of Quantum Holonomy Theory, which is a candidate for a fundamental theory based on gauge fields and formulated within the framework of non-commutative geometry and spectral triples.
The basic idea in Quantum Holonomy Theory is to start with an algebra that encodes the canonical commutation relations of a gauge theory in an integrated and non-local fashion. The algebra in question is called the quantum holonomy-diffeomorphisms algebra, denoted QHD(M ), which was first presented in [1] and which is generated by parallel transports along flows of vector fields and by translation operators on an underlying configuration space of gauge connections. In [2] it was demonstrated that this algebra encodes the canonical commutation relations of a gauge theory.
Once the QHD(M ) has been identified the question arises whether it has non-trivial Hilbert space representations. This question was answered in the affirmative in [3] where we proved that separable and strongly continuous Hilbert space representations of the QHD(M ) exist in any dimensions. A key feature of these Hilbert space representations is that they are nonlocal. They are labelled by a scale τ , which we tentatively interpret as the Planck scale and which essentially serves as a UV-regulator by suppressing modes in the ultra-violet. This UV-suppression does not break any spatial symmetries, i.e. these representations are isometric. In [4] we constructed an infinite-dimensional Bott-Dirac operator that interacts with an algebra generated by holonomy-diffeomorphisms alone, denoted by HD(M ), and proved that this Bott-Dirac operator together with the aforementioned Hilbert space representation forms a semi-finite spectral triple over a configuration space of connections. In that paper we also demonstrated that the square of the Bott-Dirac operator coincides in a local and flat limit with the free Hamilton operator of a gauge field coupled to a fermionic sector, a result which opens the door to an interpretation of quantum holonomy theory in terms of a quantum field theory on a curved background.
In this paper we continue the analysis of these Hilbert space representations. One feature of the Bott-Dirac operator is that it naturally introduces the CAR algebra into the construction via an infinite-dimensional Clifford algebra. This CAR algebra has a natural interpretation in terms of a fermionic sector due to the aforementioned result that the square of the Bott-Dirac operator includes the Hamilton of a free fermion. One drawback of the Hilbert space representation constructed in [3] is that it only involves what amounts to one-particle states. In other words, the Hilbert space represen-tation does not act on the CAR algebra itself. In this paper we construct such a Hilbert space representation of the QHD(M ) algebra. The result that such a representation exist solidifies the interpretation that quantum holonomy theory should be understood as a quantum theory of gauge fields coupled to fermions. This paper is organised as follows: We begin by introducing the HD(M ) and QHD(M ) algebras in section 2 and the infinite-dimensional Bott-Dirac operator in section 3. We then review the Hilbert space representation constructed in [3] in section 4. Finally we construct in section 5 a new Hilbert space representation where the QHD(M ) algebra acts on the Fock space. We end with a discussion in section 6.
The HD(M) and QHD(M) algebras
In this section we introduce the algebras HD(M ) and QHD(M ), which are generated by parallel transports along flows of vector-fields and for the latter part also by translation operators on an underlying configuration space of connections. The HD(M ) algebra was first defined in [5, 6] and the QHD(M ) algebra in [1] . In the following we shall define these algebras in a local and a global version.
Let M be a compact manifold and let A be a configuration space of gauge connections that takes values in the Lie-algebra of a compact gauge group G. A holonomy-diffeomorphism e X ∈ HD(M ) is a parallel transport along the flow t → exp t (X) of a vector field X. To see how this works we first let γ be the path γ(t) = exp t (X)(m)
running from m to m ′ = exp 1 (X)(m). Given a connection ∇ that takes values in a n-dimensional representation of the Lie-algebra g of G we then define a map e
where
) and where Hol(γ, ∇) denotes the holonomy of ∇ along γ. This map gives rise to an operator valued function on the configuration space A of G-connections via
which we denote by e X and which we call a holonomy-diffeomorphism 1 . For a function f ∈ C ∞ (M ) we get another operator valued function f e X on A. We call the algebra generated by all holonomy-diffeomorphisms e X for the global holonomy-diffeomorphism algebra, denoted by HD g (M ), and we call the algebra generated by all holonomy-diffeomorphisms f e X for the local holonomy-diffeomorphism algebra, denoted simply by HD(M ).
Furthermore, a g valued one-form ω induces a transformation on A and therefore an operator U ω on functions on A via
which gives us the quantum holonomy-diffeomorphism algebras, denoted either by QHD g (M ), which is the algebra generated by HD g (M ) and all the U ω operators, or by QHD(M ), which is the algebra generated by HD(M ) and all the U ω operators (see also [1] ).
An infinite-dimensional Bott-Dirac operator
In this section we introduce an infinite-dimensional Bott-Dirac operator that acts in a Hilbert space that shall later play a key role in defining a representation of the QHD(M ) algebras. The following formulation of an infinitedimensional Bott-Dirac operator is due to Higson and Kasparov [7] (see also [4] ).
, where the measure is given by the flat metric, and consider the embedding
given by
where {s n } n∈N is a monotonously increasing sequence of parameters, which we for now leave unspecified 2 . This gives us an inductive system of Hilbert spaces
taken over the embeddings {ϕ n } n∈N given in (2) . We are now going to define the Bott-Dirac operator on L
Denote by ext(v) the operator of external multiplication with v on Λ * R n , where v is a vector in R n , and denote by int(v) its adjoint, i.e. the interior multiplication by v. Denote by {v i } a set of orthonormal basis vectors on R n and letc i and c i be the Clifford multiplication operators given by
that satisfy the relations
The
Here we mean by Λ * R ∞ the inductive limit
For details on the construction of B we refer the reader to [7] and to [4] , where we also showed that the square of B coincides with the free Hamilton operator of a fermion Yang-Mills theory in a flat and local limit.
2 In [7] these parameters were not included, i.e. sn = 1∀n. 3 The notation L 2 (R ∞ ), which we are using here, is somewhat ambiguous. We are here only considering functions on R ∞ with a specific tail behaviour, namely the one generated by (3). We have not included this tail behaviour in the notation. See [3] for further details.
A representation of the QHD(M) algebra
In this section we write down the representation of the QHD(M ) algebra, which was first constructed in [3] . A key feature of this representation is that it involves a spatial non-locality characterised by a physical parameter τ 1 , which effectively acts as an ultra-violet regulator and which we in [3] tentatively interpreted in terms of the Planck length.
To obtain a representation of the QHD(M ) algebra we let ⟨⋅ ⋅⟩ s denote the Sobolev norm on Ω 1 (M ⊗ g), which has the form
where the Hodge-Laplace operator ∆ and the inner product (,
n depend on a metric g and where τ 1 and σ are positive constants. Also, we choose an n-dimensional representation of g.
Next, denote by {ξ i } i∈N an orthonormal basis of Ω
to the scalar product (6) . With this we can construct a space L given by
where η and ζ are elements in L 2 (A n ), as explained in section 3, and also using the same tail behaviour as in section 3. Finally, we define the Hilbert space
in which we then construct the following representation of the QHD l (M ) algebra. First, given a smooth one-form
with η ∈ L 2 (A). Next, we let f e X ∈ HD(M ) be a holonomy-diffeomorphism and
where γ is again the path generated by the vector field X with m ′ = exp 1 (X)(m).
In [3] and [4] we prove that equations (9) and (10) gives a strongly continuous Hilbert space representation of the QHD(M ) algebra in H YM . Note that this representation is isometric with respect to the background metric g, see [3] for details.
Representing QHD g (M) on the Fock Space
The Bott-Dirac operator acts on L
We will therefore denote Λ * R ∞ by Λ * A. We thus get an action of the BottDirac operator and the
This is somewhat unsatisfactory due to two reasons:
1. The Fermions on which the QHD(M )-algebra acts, is a one-particle space. We could of course try to take the Fock space of L
2. We have a fermionic doubling in the sense that we have the fermionic It is therefore desirable to get an action the
A. In this section we show how this can be accomplished for the QHD g (M )
algebra but at the present moment not for the local QHD(M ) algebra.
We begin with the basespace
where the Hilbert space structure is again with respect to a suitable Sobolev norm (6) in the sense that the righthand side of (11) has been completed in this norm (we remind the reader that the superscript 'σ' is the power of the Laplace operator in (6)). The main purpose is to get a unitary, connection dependent action of the group of holonomy-diffeomorhphisms in HD g (M )
on the Hilbert space H σ . Once we have a unitary action it extends uniquely to an action on the associated Fock space Λ * H σ via
where F denotes a holonomy-diffeomorphism and ∇ denotes a connection.
Once we have this we get a unitary action of the
The question is of course how we get an action of HD g (M ) on H σ . To answer this question we let F be a holonomy-diffeomorphism and let ∇ be a g-connection. We start with the case σ = 0. Let F be the flow of the vector field X and let ω ∈ Ω ) * leaves the Lie algebra g unchanged. We define
This does not define a unitary operator, unless exp(X) is an isometric flow. Unlike in section 2 we cannot adjust the lack of unitarity by multiplying by a suitable determinant. The problem lies in the one form part. One possible way to deal with this is to consider only holonomy-diffeomorphisms, which are isometries with respect to a chosen metric. Alternatively -and this is the option that we shall adopt -we can allow the operators to be non-unitary. In this latter case we will still get bounded operators on H σ , even when we consider the supremum over all connections. The problem is, that when we extend the action to the Fock space the operators will no longer be bounded. The unboundedness is however not so severe since the operators are bounded when we consider them only acting on a subspace of the Fock space which contains particle states with particle number bounded by a given value.
For general σ's there is a natural way to proceed: The map 1
σ is a unitary operator, and to get the action on H σ we simply conjugate the action we have on H 0 with 1 + τ 1 ∆ σ . If we choose holonomydiffeomorphisms, which are isometries, this gives a unitary action. For general σ's, we could also just proceed directly like above, without conjugating with 1 + τ 1 ∆ σ . However without this conjugation the action would not be unitary on H σ , σ = 0, for the isometric flows.
Finally, this representation of the HD g (M ) algebra is straight forwardly extended to the full QHD g (M ) algebra via 
Discussion
In this paper we show that the representation of the QHD(M ) algebra constructed in [3] can be extended to include also the CAR algebra if we consider only global holonomy-diffeomorphisms. This result provides us with what we believe is a completely new interpretation of fermionic quantum field theory in terms of geometrical data of a configuration space of connections. Consider first the ordinary Dirac operator and a spin-geometry. Here the fermion can be viewed as being part of an encoding of geometrical data of the underlying manifold, i.e. a spectral triple. In our case we have instead of the 4-dimensional Dirac operator an infinite dimensional Bott-Dirac operator acting in a Hilbert space over a configuration space of connections. This means that the CAR algebra and the fermionic sector is part of an encoding of geometrical data of this configuration space.
As we demonstrated in [4] quantum holonomy theory is closely related to quantum field theory, the latter being based on two basic principles: locality and Lorentz invariance. In the axiomatic approaches these principles are encoded in the Osterwalder Schrader [8] axioms for the Euclidean theory and in the Gȧrding-Wightman [9] or the Haag-Kastler [10] axioms for the Lorentzian theory. To understand the difference between the present approach and ordinary quantum field theory we need to understand the role of the ultra-violet regulator in the form of the Sobolev norm (6), which is the central element required to secure the existence of the Hilbert space representations. There are two options: either this regulator is a traditional cut-off that should eventually be taken to zero or it is a physical feature of this particular theory.
If the ultra-violet regulator is a traditional cut-off then we are firmly within the boundaries of ordinary quantum field theory albeit with a different approach and with a different toolbox. In that case the question is whether the introduction of the Bott-Dirac operator and the fact that we have a spectral triple will give us new information about the limit where the cut-off goes to zero. Similar to algebraic quantum field theory [11] this approach is not limited in its choice of background.
If on the other hand the regulator is to be viewed as a physical feature then we are decidedly outside the realm of traditional quantum field theory. There are two immediate consequences:
1. The Lorenz symmetry will be broken. The Hilbert space representation based on the Sobolev norm (6) is isometric with respect to the metric on the three-dimensional manifold but the Lorentz symmetry will not be preserved. Instead there will be a larger symmetry that involves a scale transformation.
2. The theory is non-local. Whereas ordinary quantum field theory is based on operator valued distributions the present setup does not permit sharply localised entities. This also implies that the canonical commutation relations will only be realised up to a correction at the scale of the regularisation.
Clearly this breaks with all the aforementioned axiomatic systems but the question is whether it is physically feasible? We believe that it is. First of all, it is not known whether the Lorentz symmetry is an exact symmetry in Nature and indeed much experimental effort has gone into testing whether it is [12] . We believe that the experimental constraints are sufficiently weak to permit the type of Lorenz breaking that we propose as long as it is restricted to the Planck scale. Secondly, it is generally believed that exact locality is not realised in Nature. Simple arguments combining quantum mechanics with general relativity strongly suggest that distances shorter than the Planck length are operational meaningless [13] . It is generally believed that a Planck scale screening will be produced by a theory of quantum gravity but we see no reason why it cannot be generated by quantum field theory itself as a part of its representation theory. We would then of course need to address the question of which regulator to choose, since the regulator would now be a quantity, that in principle is obvervable.
